Abstract It is proved that existence of a density function is both necessary and sufficient for almost global stability in a nonlinear system.
Introduction
A new convergence criterion for nonlinear systems was recently derived by the author [Rantzer, 20011. From existence of a scalar "density" function satisfying certain inequalities, it was proved that for "almost all initial states" the system trajectory tends to zero. The new criterion is similar to Lyapunov's second theorem but differs in several respects. An important difference is that the statement leaves room for exceptional sets, such as unstable equilibria, while still yielding a global conclusion. For example, the criterion can be applied to a system with the following phase plot, to verify that almost all trajectories tend t o the origin.
The new criterion also has a remarkable convexity property in the context of control synthesis. While the set of control Lyapunov functions for a given system may not even be connected, the corresponding set of density functions is always convex. This property has has been explored for numerical computations in [Rantzer and Pamlo, 20001 and for smooth transitions beteen different nonlinear controllers in [Rantzer and Ceragioli, 20011 
Notation
Given any xg E R", let & ( i o ) for t 2 0 be the solution
Given f E C*(R",R"), suppose that the system k = f(x) has a stable equilibrium in x = 0 and no solutions with finite escape time. Then, the following two conditions are equivalent.
(i) For almost all initial states x ( 0 ) the solution x ( t )
tends to zero as t 00.
(ii) There exists a non-negative p E C'(R" \ {O},R)
which is integrable outside a neighborhood of zero and such that [Rantzer, 20011) shows that
almost everywhere
Note that, according to (i), for almost all x with 1 < 1x1 < 2 there is a number j such that v j ( x ) > 0.
The desired p will be constructed using a linear combination such pj:s, Define p ( x ) = C:=lcjpj(x) with r
-1
Then p E C'(R" \ {0}) because of uniform convergence on the compact sets { x : -j 5 loglxl 5 j}. The opposite implication was in proved in Theorem 1 of [Rantzer, 20011 
